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ABSTRACT. In this paper the analytic continuation of the holomorphic
discrete series is defined. The most elementary properties of these repre-
sentations are developed. The study of when these representations are

unitary is begun.

1. Introduction. In Sally [8] (among other things), the analytic continuation
of the holomorphic discrete series for the universal covering group of
SL(2, R) was studied. In this paper we generalize the results of Sally [8] to an
arbitrary simply connected, semisimple, Lie group admitting (relative) holo-
morphic discrete series. We also show that the characters of the analytically
continued representations are holomorphic functions of the parameter. This
allows the use of the formula of Harish-Chandra [4] for the characters of
discrete series to compute, in particular, the characters of the “limits of
discrete series” in Knapp-Okamoto [6]. In Knapp-Okamoto [6] it is shown
that these “limits of discrete series” are irreducible components of unitarily
induced representations. Thus the results of this paper give a technique for
computing the characters of irreducible components of certain unitarily
induced representations. In particular for SU(n, 1) it gives a technique for
computing the characters of the irreducible components of an infinite class of
reducible unitary principal series and, for SU(1, 1) and SU(2, 1), all of them.

In the course of our investigation we note that, in addition to the “limits of
discrete series”, there are unitary representations “past the limit” just as in the
case of the universal covering group of SL(2, R) (see Lemma 3.5 and §4).

Most of this paper is of an expository nature. We use some ideas of
Murakami and Satake [9] to give the “bounded realization” of the holomor-
phic discrete series. In the proof of Proposition 2.6 and Lemma 2.7 this
realization is shown to be equivalent to that of Harish-Chandra [3]. The
critical observation in §2 is Lemma 2.5. §§3 and 4 contain whatever might be
new in this paper.
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2 N. R. WALLACH

In a later paper in this series we will study the analytic continuation of the
“nonholomorphic” discrete series for the universal covering group of
SU(n, 1).

We would like to thank Kyosato Okamoto and Paul Sally for many helpful
comments of the material of this paper.

2. The holomorphic discrete series. Let G be a connected, simply connected,
simple Lie group. Let gG=f@® p be a Cartan decomposition of the Lie
algebra, g, of G. We assume that f, =[f,f] # {. Then f = RiH, ® {,, [H,, {,]
= 0 (here g C g, the complexification of g). Let b, C f be a maximal abelian
subalgebra of f and let §) denote its complexification. Let A be the root system
of g relative to h. Then f, =¥ ®r C =h + Z,cp 84 Pc = Zyea,84 (We use
these formulas to define Ay and A)). Then, as is well known, if a € A,
a(H)) = * ¢,c € R, ¢ # 0. We normalize H, so that a(H,) = * 1 fora €
Ap. Let A* be a positive system of roots relative to a lexicographic order
starting with H,. Since a(H,) = 0 for a € A, we see that if « € A; and
BEAf =AM, N A%, thena + B € Aimpliesa + B € Af.

Let G, be the connected, simply connected group with Lie algebra g.. Then
G, is a complex, simple, Lie group. Let n* = 3 4@, 1~ = 2, ca+0_,- Set
br = {H €Ebla(H)ER, a €EA}. Set A" =exphg, N* =expn*, N~ =
exp n~. We recall the following results of Harish-Chandra (cf. Helgason [5]).

(1) Set P* =expb*, P" =expb~ where p* =p. Nnn*, p"=p.Nn".
Then P K. P* is open in G,, and the map P" X K. X P* 5 G, is a
holomorphic diffeomorphism of P~ X K, X P* onto an open subset of G,.
Here K, is the connected subgroup of G, corresponding to f,.

(2) If G, C G, is the connected subgroup of G, corresponding to g C g,
then N"A*G, is an open subset of P"K.P*. P"K. N G, = K, is the
connected subgroup of G, corresponding to .

If g€ P K.P*, let F(g) be defined by g € PH(g)P*. Then K:
P~K.P* — K, is a holomorphic map.

(3) Let vy, € A7 be the smallest element. Let ®, C Ay be the set of all
a €A, a#vy, such that vy, * a € A. If @, + J let v, be the smallest
element of ®,. Set ¥, = {a € ®, — {v,}|y, * « & A}. Continuing in this
way we have A D®,ODP®,D--- OD®, and &,,, = . We also have
Yi5---5>% such that v, + v, € A. If a €A, let X, € g, be chosen so that
X, = X_,. (Here X = X, — iX, for X, X, € g.) Then, if a =3[, R(X, +
X_,h»acCbis maximal abelian.

(4) Normalize X, for a € A, so that [X,, X_ 1= H,, [H,, X,] = 2X, and
[H,X_,]=—2X_, Then

exp(z (X, + X—w)) = exp( > (tanh t,.)X_yl)
. exp( > (log cosh ) H, )exp( > (tanh 1) X, )
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(5) Using the fact that G, = K(exp a)K,, we see that N~ A*G,=
P~ K exp(Q) with € = {Ad(k)(2 tanh X )|k € K, t; € R}.

Let »: G — G, be the covering map. Then G acts on @ by P "K exp(z - g) =
P~ K (exp z)¥(g), z €, g € G. This is the Harish-Chandra realization of
G/K as a bounded homogeneous domain in C”, n = dim p* =31 dim G/K.
Here, K i 1s the connected subgroup of G corresponding to f.

Let Kc B K. be the universal covering group of K.. Following Satake [9],
we define : @ X G- K. by the formula H(z: g) = SC((exp 2)v(g)) for
zegEG %hftstoaholomorphlcmap%ofﬂ X GtoK

Since G, is simply connected, there is a Lie group isomorphism, g — g such
that (exp X) = exp X. We define for z,, z, € Q,

D~(zl 1z) = "jﬁ((exp z,)(exp 2-1)-l)-l
Then D: @ x @ — K,. Hence D lifts to amap D: @ X 2 - K..
©) D(z,-8: 2, 8) =Kz, : 8) "Dz, : 2)HAz; : ).

LeMMma 2.1.

p(aae( 5, ux, ) aace 3, o))
= exp(—Ad(k)_'(gl log(1 - tiz)Hn))

Jor —-1<,<li=1...,nkeK

Proor.

(Ad(k)( 2 ) Ad(k)( 2I LX. )) = k"D(gl LX,: él t,.X.,‘)k

by (6).
exp( 2 X, ) exp( > 4X, ) = exp( > 6X. )exp( 2uX_, )

Now [X,, X,] = [X,, X_,] = 0if i #j. Note that CX, + CH, + CX_, is
isomorphic to the Lie algebra of SL(2, C) with

0 1 00 1 0
xop o xell o} meofo ]
Under this identification, we see that

exp(tX,l)exp(—tX_,l)e[ 1 _ttz ; ]

¢ t
erexp - == X, Jexp(log(1 - 81, Jexp( T x, )

The lemma follows from these observations.
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LemMA 2.2. If f € Cy(2) (continuous with compact support) then, for any
g €G, :

[ Az -8) dz = [ fla)lder(Ad K(z: g™ Yye)I

where dz is Lebesgue measure on p*.

PrOOF. We note that exp: p* — P * is a holomorphic diffeomorphism and
since [p*, p*] = 0 we see that, if f € Cy(P *), then

[ Sew2ydz=[ fo*) ",

where dp* is a Haar measure on P*. :
Thus, if f € Cy(2), we may identify f with an element of C(P *). We note
that if all measures are properly normalized, and if F € Cy(G,) then

[ Fedg={_ F(p hp*)|det(Ad(K)|, )P dp* i dp*.
P-K.P* P~ XK. XP*
Let F € Cy(G,) be such that
f ch(p-k exp z) dp~ dk = f(z) forallz € Q.
P~ X

Then
ff(z-g)dz =f _ F(p~k exp(z)v(g)) dp ~dk dz
Q P~ XK, XQ

[ FGo(g)ldet((Ad H(x))p)| dx
K. exp @
=y o FONE(AAH ()™ 2

o a PP xR )l det(AR) )P
|det(Ad(H(p ~k(exp 2))»(g) ")) "2 dp~ dk dz

- fﬂ f(2)|det(Ad(H(z: g™Y)|p+) "2 dz. QE.D.
LEMMA 2.3. The G-invariant measure on Q is
dp(z) = det(Ad(D(z : 2)|,+)) dz.
PROOF. Let f € Cy(R2). Then
J S )du(z) = [ fiz - £)derAU(D(: : 2))y-) dz

= j{; J(z)|det(Ad H(z : g7 ")+ )| "2det(Ad(D(z- g™ z- g7"))|p+) dz.
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Now D(z-g~':z- g )=HK(z:2"")"'D(z: 2)K(z:87"). If k € K, then
k = exp itH, - k, with_k, € [K, K] and k = exp itH, - k,. Now
det(Ad(K,)|,+) = det(Ad(k))|,-) = 1 and det(Ad(k)|,+) = €™ (n = dim¢ b*).
Hence

|det Ad(k)|p+|_2det(Ad(l?)|p+)_'det(Ad(k)|p*) = nImipg=2nIms |
This proves the lemma.

LeMMA 24. If (n, v, {, D) is a finite dimensional unitary representation of K
extended to I?c as a holomorphic representation then n(D(z : z)) is a positive
definite operator for z € Q.

Proor. If X €f, then {(w(x)v, w) = — (v, m(X)w), v, w € V. Thus, if
H € ib,, then {m(H)v,w) = {v, m(H)w). The result now follows from
Lemma 2.1.

Let 7 = {a,, ..., a;} be the set of simple rootsfor A*. We may assume
that Af N 7 = {a,, ..., a;}. Let Ay € h* be such that

(*) 2{Ay, ;) /{@;, a;> is a nonnegative integer forj = 2, .. ., / and equal to
0if j=1.

Let (my, V") be the irreducible unitary representation of K with highest
weight Ag. Let (A, > =0,/ =2,...,1,2{A}, a)/<a;, @;) = 1. Then A, is
the differential of a character of K, which we denote e®'. Furthermore e is
defined for all A € C, since K is simply connected. Thus e*A' ® 7, defines an
irreducible holomorphic representation of IE"C forallz € C.

Let JC™ be the space of all f: & — V™ such that f is holomorphic. If g € G
and f € J(™, define for A € C

(Ton (&) )(2) = (e ® mo)(H(x : £))f(x - g).
Then it is easily seen that
Tﬂo,)\(gl g) = T,ro)‘(gl) Tv,)\(gz)-
Furthermore we have

LEMMA 25. T, ,|x = (M ® T, ol Also T, (8) =T, (&) if v(g) =
v(g’). That is T,, o| x is actually a representation of K,

If f € IC™ define, for A € R,

IR = fﬂ (M ® m)(D(z : 2))f(2), f(2)) dp(2).

Lemma 2.4 implies that the right-hand side of the above formula is positive if
it converges. Let H™* be the space of all f € H™ such that || f||2 , < 0. Let
<5 Du,r denote the associated inner product on H oA,
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PROPOSITION 2.6. If f € H™ then ||T, o,\(g)f", = = || fllg,p for all g € G.
If H™ 5 (0) then the constant functions are in H™. Furthermore H™ is
complete and if H™ 5 (0) then the polynomial functions f: @ — V™ are dense
in H™*. Finally (T, ,, H™") is a unitary representation of G.

PROOF.

I Zen (B = [ (M ® m)(D(: 2 2)
- (e ® 7o) (H(z : )f(z- 8)), f(z - 8)) dp(2),
= [{( ® m)(TG78)) (M @ m)(D(z : 2))
- (M ® mo)(H(z : g))f(z - 8), f(z - 8)) dp(2)
= [ (e ® m)(D(z-5: 28NSz 8). Sz 8)) d(2)

= [{(&* ® m)(D(z : 2Nf2), S(2)) du(z) = I fepn

This proves the first assertion.
If f€ ¥ and y € K, let

5@) = d) [ 00 mlisCz - k) di

= d(y) [ %0F) m(k)f(Ad(K)"'z) dk.

Here , is the character of y and d(y) is the dimension. The integral defining
f, clearly converges uniformly on compact subsets of . Thus f, € GCro.
Furthermore f=Z2Zf, with uniform and absolute convergence on compact
subsets of Q. Using the Stone-Weierstrass theorem on an arbitrary Ad(Ky)
invariant open subset w of € so that & C {2, we see that f, is a polynomial
mapping of & to V2.

Let us now choose, for each j € Z, j > 0, 2; C © so that &, is compact,
AdK)?, Cc @, 2,09, and UL, = 9 (For example take @, =
(A, i X, )l € K, |8] <j/G + 1)}.) Then

[ (e ® 7)(D(z : )f(2). () du(2)
= [ 2 {(e™ ® m)(D(z : 2D (2), £(2)) du2)

9 7EK

by Schur orthogonality.
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The Lebesgue monotone convergence theorem implies that
11 = lim [ (& ® m)(D(z : (), f2))du(2).

Suppose that f € H™. Then, setting 7 = e*' ® 7, we have
L (m(D(z : 2))f(2), f(z)) du(z) >fn (m(D(z : 2))f,(2), £,(2)) du(2)

for all j. Hence f, € H 7oA This also implies that if H™* s (0) then there are
polynomials in H™* and the set of polynomials in H™* is dense.

The fact that (T, ,, H™) is a (continuous) unitary representation is
standard once we have proved that H™ is complete. To see that H™ is
complete, we note that if w C Q is any compact subset then there is C,, > 0 so
that

IfIZ,, > C., L AP dz.

The completeness follows from

J W@ dz > Cosup IS with €, >0

for w the closure of an open subset of Q2w compact (cf. Helgason [4, Chapter
8]). We have therefore shown that (7, ,, H™) is a unitary representation of
G.
Using the fact that the polynomial functions in H™* are dense, we see that,
if Hr* = {f,|f € H™}, then H]* is finite dimensional. Using results of
Harish-Chandra [1], we see that, if Hf** = 3, _x H (algebraic direct sum),
then

T, \(X)f = 2 (T, (50 XS )limo

defines a representation of g on Hze*.
We need the following lemma.

LEMMA 2.7. Let for y € Ky, IC° = { f,|f € I} (see the second part of the
proof of Proposition 2.5). Let for X € g,

(Top (X)) = 2 (T, p(ex0 X )Demo Jorf € .

Then T, \(X)f € Z,cx,IG° = 3G and (T, ,, ICp) is a representation of g.

Furthermore, if W C 3Ci is a nonzero invariant subspace of ICp, then W
contains the constant functions.
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Proor. Let f € 3Cp. Then f extends to P"IE"c exp € (looked upon as the
universal covering space of P ~K, exp ) by defining f(p "k exp z) = (*' ®
mo)(k)f(z) forp” € P,k € f(",, z € Q. Let p be a nonzero element in the
lowest weight space of (V™)*. Let for f € I, A(f}g) = W(f(g)) for g €
P‘I.('CQ = N~A*G. If g € U(g,), the universal enveloping algebra of g, let
f(8) = (8- A(f))e). Then f(zg) = AA, + AgX2)f(g) for z En~ @Y (here
AA, + Ag)(n~) = 0). Since the map f— f is injective (f is holomorphic), the
Poincaré-Birkhoff-Witt theorem implies that ICp = =, ¢, I with A = AA,
+ Ag) — Zma; with n; >0, n, € Z. Here for A€Dbh*, Ip ={f €
IC| T, A(B)f = A(h)f for h € b}. Furthermore, if f € 30 and T, ,(n*)f =
0, then f € IG3 ., We observe that JG3 ,,, consists of the functions
f(z) = v with v in the highest weight space of V%o

Now W C IC*, W # 0, implies W = S(W N ICi*). Let A’ be such that
W N ICe* #(0) and A’ =AA, + Ag — Ene; with Sn. minimal. Then
T, A" )W N 3Ce*) = 0. Hence A’ = AA, + Ao. Thus the constants are in
w.

We now conclude the proof of Proposition 2.6. Hye* c 3Cp is T, oA
invariant and nonzero if H™ # (0). Thus, by the above, H™* # (0) implies
H™ contains the constants. Thus, if H™ # 0, then

fn (m(D(z : 2))v, 0D du(z) < o0 forallo € Ve, 1

If f is a polynomial function from £ to V,, then f is a linear combination of
elements of the form ¢ - v with @: @ — C a polynomial and v € V™. But

fn (a(D(z : 2))g(2)v, p(2)0) du(z) = fﬂ l9(2)(m(D(z : 2))v, v} du(z)

< Sup |p(2)]?- [ (m(D(z : 2))v, v) du(z) < . Q.ED.
zEQ Q
COROLLARY 2.8. If AER, then H™ # (0) if and only if [o{(e ®
7N D(z :2))v, ) du(z) < oo for all v € V™,

COROLLARY 2.9. If (T, ,, 3C°) admits an invariant inner product then
(T, »» ICp) is irreducible.

PROOF. Let W C IC be invariant, W # (0). Then W+ C ICp is nonzero if
and only if W contains the constants (see Lemma 2.7). Hence W+ = 0 since
W contains the constants.

LemMA 2.10. Let z € C. If

fa (e*™ ® me)(D(z : 2)) du(z)

converges, then it is equal to d(my, z)I with d(my, z) € C.
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. PROOF. [g(ez™ @ mo)(D(z- u : z - w)) du(z) = [g(e*™ ® m X D(z : 2)) du(z)
for all u € K. The result now follows from the irreducibility of (7, ¥9) and
(6) (preceding Lemma 2.1).

We observe that more is true.

COROLLARY 2.11.
d(m 2) = o [ €Dz : (D : 2) duz)

with X, the character of (my, V) and d, = dim V.

3. The analytic continuation of the holomorphic discrete series. We retain the
notation of §2. Let ¥ (p*) be the space of holomorphic polynomial functions
from p* to C. On p* put the inner product (X, Y) = — B(X, 1Y) where B
is the Killing form of g, and 7 is the conjugation of g, relative to g, = f & ip.
Extend ¢, ) to an inner product on P(p*) = S((p*)*) in the usual fashion
(S(V) denotes the symmetric algebra on the vector space V). Let

{, ) also denote a K-invariant inner product on V. On P (p*) ® V% put
the tensor product the inner product which we also denote { , ). In the
following, %/(¥) will denote the polynomial functions on ¥ homogeneous of
degree j.

For the rest of this section (7, V%) will be fixed.

LEMMA 3.1. If f € P (p*) ® V2 then
Jo (& @ m)(DGz = A=) A(2)) dlz) = {40, ),

converges absolutely for (Re NA, + Ag + p)(Hp) <0 for all B €EAZ. (p
=33 eara.) Moreover, A — A;(\) extends to a rational function from C to
End(%/(p*) ® V™). Furthermore the singularities of A\) are only at the
points A € Z/2 (half integers). Finally, if A\ € R and if A() is defined then
A;(A) is Hermitian.

ProoF. Let b* =3, CH,. Let b~ = (H €bly(H) =0 for i =

1,...,r}. Let Ay = {a € Alafy+ = 0}. Then (up to constants of normaliza-
tion) if f € Cy(Q)

Lf(z) %= fKo -£>¢.>tz> -.- >z,>of(Ad(k)( 121 t,-X,‘))

I |o= t,.H,‘)| didt,---dt. (1)
A,

a€EAt —
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To prove (1) we note that if 4: p* — p is defined by A(X) =3(X + X)
(X, + iX,)= X, — iX, for X,, X, € g), then 4 is a real linear isomorphism
such that 4 o Ad(k) = Ad(k) oA for k € K,. This implies that p* =
Ad(K)Z7-; RX, ). In fact, if a = ZR(X, + X_,), then a is maximal abelian
in p and Ad(Ky)a = p (cf. Helgason [5]). On the other hand,

[rwyas=[ (I poor)( [ saawm) o) )

where A* is the set of positive restricted roots of (g, a) relative to some order,
m, is the dimension of the A restricted weight space and a* is a positive Weyl
chamber (A\(H) > 0 for A € A*). (*) can be found in say Helgason [5]. Now
(1) follows by applying the Cayley transform (cf. Harish-Chandra [3]).

We now compute

I |«(Z4H,), - LERL>0
a€EAY —Ay
To do this, we recall some results of Harish-Chandra [3].
Let for 1<i<r, C;={a EAf|ajye = — 3V}, for 1 <i<j<r, ;=
{a € Af|aly+ =3(y; — ¥} Then

,
A= u0U Gu U g,
i=1 1<igj<r

Let P, = {a € Aflalys =37}, Py = {a €EAf|alys =5(v; + ¥)}, 1 <i<J
< r. Then

r
A;={'Y|’---"Yr}UUPi U Py-
i=1  1<i<gj<r

Let r; (resp. r;) be the order of C; (resp. C;). Then r; (resp. ry) is the order of
P, (resp. Py). This says that

r
I, |o(Z ott)|=c I et T = )

a€AY -4y i<j

Furthermore, by the above, a* corresponds to {24(X, + X_,), 4, > 4,
> - -+ >t > 0}). This implies thatfor¢t, >, > - - - >1, >0

I |= t,Hw‘)|= cl I 2-2=P@,....1)

a€AY -4 i=1 1<i<gj<r
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Now (from (1), Lemmas 2.2, 2.3 and p, = ;(tr ad H|,))
(%) [ {( @ m)(D( : (). S(2)) du(2)

r
= et I (F-9)
15433 - 24,20 i=1 1<i<j<r
) ﬁ (1- ,;)—(M-“P,)(Hy,)
1

i=1

. ( fK (wo(k)_lvro(exp(— > (log|1 — th)H,I))vro(k)
AW 13,)) AR 18,) ko) - -

The integral over K, above is a polynomial g(¢;, ..., ¢)in ¢, ..., . Thus
we have

r
_(MI +2\"’)(H1i )
(*')=~/;>,l>.. H (l—t,-z)

© 24,30 i=1
Pty s t,)q(ty, ..., 0)dty - - - dt,.

As observed in Harish-Chandra [3] such an integral is a rational function of
A (it also clearly converges for A < 0 and A large since A(H,) =1, i=
1,...,r). The assertion on the pole structure follows from the fact that
2p,(H,)isanintegerfori=1,...,r.

The absolute convergence statement follows from the case f =v € V4 in
Corollary 2.11 and the work of Harish-Chandra [3]. The last assertion is clear
(see Lemma 2.4).

LEMMA 3.2 (HARISH-CHANDRA [3)).

{ — (Ao + zA, + p)(H,) }

d(mo, Z)_l = H

a€A}

p(H,)

up to constants of normalization.

Now let c(7y) = Sup{z € R|(zA, + Ay + p)(H,) < Ofora €EAf}.
Lemma 24 combined with Lemma 3.1 and Corollary 2.7 imply that
(T,,., H™) is an irreducible representation of G for z < c¢(my). This implies
that (T, ,, ICre) is irreducible as a representation of U(g.). However, more is
true.

LeMMA 3.3 (HARISH-CHANDRA [2)). (T, ,, JCp) is irreducible for z < c(mo).

Combining this with results of Harish-Chandra [2], [3], we have the follow-
ing lemma.
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LemMA 34. If f € ICpe then
lim d A%, = 112,

A—>c(mo,
A<c(mo)

exists and induces a positive definite invariant inner product on ICp. This
representation extends to G on the Hilbert space completion of ICpe.

Note. This gives another realization of the “limits of holomorphic discrete

series” in Knapp-Okamoto [5].
We also note that Lemmas 3.1, 3.4 have the following consequence.

LeEMMA 3.5. Let for f € ICp,

e = d(m6 N7 £
Then A — | f2  is a rational function of A and there is a constant &é(mg) > c(mg)
so that |- - - |2 .\ defines a positive definite invariant inner product on JCp for
A € Rand A < é(my).

In §4 we will determine é(1) for G, = SU(n, 1).

Let 3Gz be as in Lemma 2.7. Then JGz = 2, ¢z, I where I = {f,|f €
JC} and f, is as in the proof of Proposition 2.6. Let E,: 3(" — J(° be
defined (as in the proof of Proposition 2.6) by

(ES)@) = d) [ %) mo(k)f(Ad(Kk)'2) de (1)
If g € G,y € K, define
7 (8) = tr(E, Tppr (8)]560)- @

LEMMA 3.6. The function C X G — C given by (A, g) > &;7**(g) is continu-
ous and holomorphic in \.

PrOOF

(E, T, ()f)(2) = d(7) fx % () (T, (2)f N(Ad(K)™'z) dk
= () [ %R (& ® mo)(K(z - k : ) ke) e

= d) [ %R MKk : )l Kz -k : DSz ke)) d.

If p €(V2)* and z € Q are fixed, then the above computation clearly
implies that (A, g) > p((E, T, A(8)f)(2)) satisfies the continuity and holo-
morphy properties asserted for ¢"*. It is easily seen that, if (p ® ¢,)f =
p(f(2)), then the set {p @ g,|p € (V)% z € ﬂ}'gqo spans (JG°)*. Thus ¢,"""
is a linear combination of functions of the form g — (p ® g XE,T, A(8)).
This proves the lemma.
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LeMMA 3.7. Let 9D'(G) be the space of distributions on C§°(G) with the weak
topology. If f € Cg°(G) define

0,.,(f) = ,EEKO fG o7 (2)/(8) dg.

Then the series defining 0, , converges absolutely and uniformly on compact
subsets of C. Furthermore the function N — 0, , defines a holomorphic function
Jrom C to D'(G).

PrOOF. Let a = 2/ R(X, + X_,). Let 4 =expa. Letg =t D a®n be
an Iwasawa decomposition of g corresponding to (f, a). Then G = KAN is an
Iwasawa decomposition of G. Let f(H) =jtr(ad H|,) for H € a. Then, if f is
integrable on G, we have

[ He)dg=[  fkan)e?®s k da dn )
G KXAXN

where log: 4 — a is the inverse map to exp: a — 4.

Now f = RiH, @, I, = [k, k]. Let K, be the connected subgroup of K
corresponding to f,. Then K, is compact and simply connected and the map
R X K, — K given by (¢, k)) > exp(tiH))k, is a Lie isomorphism of R X K,
with K. We therefore see that

fo(g)dg=fR(foA

for f absolutely integrable on G. Now let f € Cy°(G). Then

f(exp(t,H,)k,an)e*0e @ . dk,dadn) dt
XN

fG o7 ()f(g)dg = fR ( fK ey 85 (om0 1GH ) Kyan)

f((exp t(iH,))k,an)e*0s ) . dk,dadn) dt.

Now
T, A(exp(tiH )k an)|sgo = e“@MHEVYNT , (k,an),
where 7 (exp tiH,) = ™' for t € R (see Lemma 2.5). Hence we have

[ orM(9)f(8) dg = [ e*atin+1) o7 (kyam)
G R

Ky XAXN
f(exp(2(iH,))k,an)e*%? dk, da dn.
If p € Cand § € K, define

f(p: 8 : kan) = d(8) fk e"“( fK mf((exp(itﬂ,))k-'k,an)dk) dt.
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Let ||8|| be the norm of the highest weight of 8. Now f(u: 8 : an) has
compact support on AN. If w C C is a compact subset of C and /}, I, > 0
then

|¢;°’A(k|a")f(M1(H|) +A:%: k,an)|

< G+ N+ AP) 71 + [vof?) "yy(an)
with ¢, € Cf°(AN) and f— G, (f)Y{an) a continuous function from
Cg°(G) — C. Here v, is the restriction of y to K. These estimates follow the
Paley-Wiener theorem for R and KX,. This implies that

2 |

< Cl,.,lz,@(f) ygl( (l + I}\AI(Hl) + k,lz)_ll(l + |‘Yo|2)-l’

for A € w with f— C; , (f) continuous on Cg°(G). This clearly implies the
lemma (cf. Wallach [10, Chapter 5]).

COROLLARY 3.8. The character of a “limit of holomorphic discrete series” is
the limit of the characters of holomorphic discrete series. That is

L 6, = ,
}\—)lcl'l(lﬂo) ﬂ“ 0’°C(A°)
A< C(mo)
and, since the representations (T, , H™), A < C(Ao), and (T, ¢ H™) are

trace class this implies the statement.

Note. This implies that the Harish-Chandra formula [4] for the character of
holomorphic discrete series is also true for limits of discrete series. Lemma 3.7
also says that the “signs” involved in the formula can be chosen so that the
formula is holomorphic in A where A = Ay + AA,. This also allows one to
compute characters of unitary representations which are “past the limit of
holomorphic discrete series” (see Lemma 3.5).

4. Example: The universal covering group of SU(n, 1). In this case we may
identify p* with C” and © with the unit ball in C™: @ = {z € C"|2|z|* < 1}.
If g € SU(n, 1) = G, then

=|4 b
e=[& 4]

with 4,n X n; ¢, b,n X 1; d € C. The condition that g € G, is
glg=1J, detg=1

]

with

<
]
——
O~
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I, n X n. The action of G, on & (which we write on the left) is
g-z=(z,¢)+d) '(4z + b).
Actually G, acts on . K, is the subgroup of G, consisting of the matrices

u 0
[ 0 (detu)™! ]
u € U(n). In particular U(n) acts on p* = C" by
u-z = (det w)uz
where Uz is the usual action of U(n) on C”". It is classical that the representa-
tion of U(n) on ¥’/(C™) given by
(u-f)(2) =fu'-2)

is irreducible.
We consider the case m, = 1. For f € #/(C")

fn M(D(z : 2))f(2) fz) du(z) = NS, >

since 9/(C") is irreducible. It is therefore convenient to take X, =¢€
C" (e . . . , e, the standard basis of C") and f(z) = Z]. From this we see that

fa AM(D(z : 2)f(2) f(z) du(z)

S el R : Ad(k)eX, ) de — 2
7 (D008 2,0 AR, )P

— tz)n+l

= (" 21y _ 2-M-(H1,)—"-':( B(Ad(k)ix,, X __ )%
fot (1-7) fu(n)l (Ad(k)ex,, X_, ) dk) dt

1
=% f (] = )M gy
5 70

(Here we have used the orthogonality relations for U(n) and 4, =
dim S/(p*).)
1 ,
- 2_dj B(n + j, —AA(H,) — n)

where B(z, w) is the classical beta function (cf. Whittaker and Watson [11]).
Now A(H, ) = 1. We therefore have the following lemma. .

LeMMA 4.1. If G, = SU(n, 1) and my = 1 then C(1) = — n. That is T,, is
holomorphic discrete series for \ < — n. Furthermore
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1 (n+j—1)
A7) = B(n+j, —-nl= ( )II',' (At —3)
_ (—1>"*"“ ( (n+j—1) ),
24, I 'A+n-s))"
In particular
(1
d(1.2) = MZA+n-y3)
(see Lemma 3.2).

COROLLARY 4.1.

-1
a1, N4,y = CY i 1 (1‘[ O - s)) L

% s=0

COROLLARY 4.2. If f,, f, € P (C™) then d(1, \)™ ' fy, f,), defines a positive
definite T, invariant inner product on ¥(C") = ¥} for A € R, A < 0. These
representations extend to unitary representations of G on the Hilbert space
completion H'» of P (C").

Note. The representations —n < A < 0 are the direct generalization of the
“extra representations” of Sally [8] that go “past” the limit holomorphic

relative discrete series of the universal covering group of SL(2, R).
We also note that (T, _,, H .=n) is the Hardy space for .

LEMMA 4.2. There is a constant C > 0 so that if f € F(C") then

. -1 2 =1 2
Jim NS = lim € f | fe)f do,

A<-—n
where dw is invariant measure on S** 1.

ProoF. This result follows directly from Corollary 4.2, Corollary 2.7 and
the results of Knapp-Okamoto [6].
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