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THE ANALYTIC CONTINUATION OF THE

DISCRETE SERIES. I

BY

NOLAN R. WALLACH1

Abstract. In this paper the analytic continuation of the holomorphic

discrete series is defined. The most elementary properties of these repre-

sentations are developed. The study of when these representations are

unitary is begun.

1. Introduction. In Sally [8] (among other things), the analytic continuation

of the holomorphic discrete series for the universal covering group of

SL(2, R) was studied. In this paper we generalize the results of Sally [8] to an

arbitrary simply connected, semisimple, Lie group admitting (relative) holo-

morphic discrete series. We also show that the characters of the analytically

continued representations are holomorphic functions of the parameter. This

allows the use of the formula of Harish-Chandra [4] for the characters of

discrete series to compute, in particular, the characters of the "limits of

discrete series" in Knapp-Okamoto [6]. In Knapp-Okamoto [6] it is shown

that these "limits of discrete series" are irreducible components of unitarily

induced representations. Thus the results of this paper give a technique for

computing the characters of irreducible components of certain unitarily

induced representations. In particular for SU(n, 1) it gives a technique for

computing the characters of the irreducible components of an infinite class of

reducible unitary principal series and, for SU(1, 1) and SU(2, 1), all of them.

In the course of our investigation we note that, in addition to the "limits of

discrete series", there are unitary representations "past the limit" just as in the

case of the universal covering group of SL(2, R) (see Lemma 3.5 and §4).

Most of this paper is of an expository nature. We use some ideas of

Murakami and Satake [9] to give the "bounded realization" of the holomor-

phic discrete series. In the proof of Proposition 2.6 and Lemma 2.7 this

realization is shown to be equivalent to that of Harish-Chandra [3]. The

critical observation in §2 is Lemma 2.5. §§3 and 4 contain whatever might be

new in this paper.
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2 N. R. WALLACH

In a later paper in this series we will study the analytic continuation of the

"nonholomorphic" discrete series for the universal covering group of

SU(n, 1).

We would like to thank Kyosato Okamoto and Paul Sally for many helpful

comments of the material of this paper.

2. The holomorphic discrete series. Let G be a connected, simply connected,

simple Lie group. Let g G = f ®p be a Cartan decomposition of the Lie

algebra, g, of G. We assume that i, = [I, ï] ¥= f. Then f = RiH1 0 f„ [Hv f,]

= 0 (here g C gc the complexification of g). Let b» c ï be a maximal abelian

subalgebra of f and let i) denote its complexification. Let A be the root system

of qc relative to b. Then tc = f ®R C = b + 2aeAjfga, pc = 2aeA/,ga (we use

these formulas to define A^ and Ap). Then, as is well known, if a e A^,,

<*(#,) = ±c,c£A,cîtO.We normalize if, so that a(//,) = ± 1 for a £

àP. Let A+ be a positive system of roots relative to a lexicographic order

starting with Hl. Since <*(//[) = 0 for a G AK, we see that if a G AK and

ß G Ap = AP n A+, then a + j3eA implies a + ß G A¿.

Let Gc be the connected, simply connected group with Lie algebra gc. Then

Gc is a complex, simple, Lie group. Let n+ = 2aeA+ga, n~ = 2a6A+g_a. Set

bÄ = {H G b|«CíD G R, a G A}. Set /1+ = exp bÄ, iV+ = exp n+, N~ =

exp n-. We recall the following results of Harish-Chandra (cf. Helgason [5]).

(1) Set P + = exp ip+, P~ = exp p~ where p+ = pc n n+, *T = pc n n~.

Then P~KCP+ is open in Gc, and the map P~ X Kcx P+ ^>GC is a

holomorphic diffeomorphism of P ~ X Kc X P+ onto an open subset of Gc.

Here Kc is the connected subgroup of Gc corresponding to fc.

(2) If G0 c Gc is the connected subgroup of Gc corresponding to g c gc,

then N~A+G0 is an open subset of PKCP+. P~KC n G0 = K0 is the

connected subgroup of G0 corresponding to f.

If g<EP~KcP + , let 3C(g) be defined by g&P%(g)P + . Then %:

P ~KCP + -» Kc is a holomorphic map.

(3) Let y, G Ap be the smallest element. Let O, c Ap be the set of all

a G Ap, a ¥=yi such that Yi ± a G A. If í>, ^ 0 let y2 be the smallest

element of $,. Set <J>2 = {« G Í», — {y2}Iy2 ± a G A}. Continuing in this

way we have A, D $, 3 $2 D • • ■ 3 $r and $r+, = 0. We also have

y,, . . . , yr such that y, ± yy G A. If a GAP, let A^ G ga be chosen so that

Xa = X_a. (Here X = A', - ¿Y2 for Xx, X2 G g.) Then, if o = S'.,*^ +

A"_y), a c t> is maximal abehan.

(4) Normalize Xa for a G AP so that [A^, Ar_„] = Ha, [Ha, XJ = 2Xa and

[/fa,A'_a]=-2A'_a.Then

exp(2 í,(A-Y¡ + X_y¡)) = exp(2 (tanh i,)*-Y/)

• exp( S (log cosh t,)H%)exp( 2 (tanh 0*y,).
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(5) Using  the  fact  that  G0 = A^exp a)K0,  we  see  that N A +G0 =

P -Kcexp(tt) with ß = {Ad(k)(Z tanh t¡Xy)\k G K, t¡ G R }.

Let v: G -> G0 be the covering map. Then G acts on ß by P "^expiz • g) =

P~Kc(exp z)v(g), z G ß, g G G. This is the Harish-Chandra realization of

G/.ÄT as a bounded homogeneous domain in C", n = dim p+ =\ dim G/K.

Here, /sf is the connected subgroup of G corresponding to f.
~   y

Let Kc -» ATC be the universal covering group of Kc. Following Satake [9],

we define %: _ß X G^>KC by the formula %(z: g) = 5C((exp z)v(g)) for

z G ß, g G G. 5C lifts to a holomorphic map % of ß X G to Kc.

Since Gc is simply connected, there is a Lie group isomorphism, g -» g such

that (exp A) = exp X. We define for zx, z2 G ß,

D(zl : z2) = ^((expz^expz,)-1)- .

Then D: ß X ß -+ Kc. Hence z5 lifts to a map D:2xö->A;.

(6) D{zx -g:z2-g) =%(zl:gyxD(zl : Z2)%(z2 : g).

Lemma 2.1.

D^Ad(k)^Í  tiX^:Ad(k)^Í  tiXy\\

= exp^A^)"1^ log(l - tf)Hy)\

for -1 < /,. < 1, / = 1, . . . , r, k G K.

Proof.

D^Ad(k)(t  tiX^: Ad(k)[t  t,xS\ =k~lD(£  hK-  2   *iXr)k

by (6).

exp( 2 t¡Xy¡ ) exp( 2 i,A; )      = exp( £ **„)exp( - S t¡X _y¡).

Now [A;, A;] = [X%, X_yj] = 0 if /' */. Note that CA"Y/ + CHy¡ + CA"_y is

isomorphic to the Lie algebra of SL(2, Q with

0    0
X      *7+ X _   <-»

1    0 Tí

1        0
0     -1

Under this identification, we see that

\-t2

-t
exp(/A-Y)exp(-/*_,,)

~exp(-7T7 *-*)exp(losO - ñHjexp^j^ a;).

The lemma follows from these observations.
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Lemma 2.2. If f G C0(ß) {continuous with compact support) then, for any

g G G,

f /(z -g)dz= f /(z)|det(Ad 3C(z: g-')^)!"2 &
•'ß •'n

w/iere dz is Lebesgue measure on p+.

Proof. We note that exp: p+ -» P+ is a holomorphic diffeomorphism and

since [p+, p+] = 0 we see that, if/ G C0(F +), then

(  /(expz)rfz = f   f{p+)dp+,
Jp+ JP+

where ¿#>+ is a Haar measure on P +.

Thus, if / G C0(ß), we may identify / with an element of C0(P +). We note

that if all measures are properly normalized, and if F G C0(GC) then

f F(g) dg = [ F(/;-^+)|det(Ad(A:)|p+)|2 ap+ dk dp +.
JP~KCP* JP    XKCXP +

Let F G C0(GC) be such that

/ F(p~k exp z) dp~ dk = f(z)   for all z G ß.
jp-xkc

Then

f f(z ■ g)dz = f F(p ~k exp(z)Kg)) dp ~dk dz
Ja Jp-xKcxa

= f F(xv(g))\dtt((Ad 3C(^))|P+)|-2 dx

= / F(x)\dct(Ad{%(xv(g)-i))\i>+)\-2 dx
J P-K r*n O. V ' ''/•-A^expfi

= f F(/> "* exp z)|det(Ad(A:)L+)|2
Jp~xKcxa

■ \det(Ad(%(p-fc(exp z))v(g)'1))^2 dp~ dk dz

= /"/(z^detíAd^z:*-1))!«,-)!"2^-   Q-E.D.

Lemma 2.3. The G- invariant measure on ß is

d¡i(z) = det(Ad(Z)(z : z)|p+)) ¿z.

Proof. Let/ G C0(ß). Then

f /(z • g)dlx{z) = ( /(z • g)det(Ad(Z)(z : z))|p+) &
•'n •'ß

- (/(z)|det(Ad 3C(z :g-%.)\-2det(Ad{D(z-g-*:z-g-l))\p+)dz.
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Now D(z ■ g~l : z-g-1) =%(z : g"1)-1^ : z)%(z : g~l). If k <E_KC, then

k = exp itHx ■ kx with_A;1 G [Kc, Kc] and k = exp itHx • kv Now

dzt{Ad{Kx%+) = det(Ad(&,)|p+) = 1 and det(Ad(A:)|p+) = ein' (n = dimc p+).

Hence

|det Ad(A:)|j,+|-2det(Ad(^)|p+)_1det(Ad(^)|p+) = e2nlm'e-2nlm' = 1.

This proves the lemma.

Lemma 2.4. If {it, v, < , )) is a finite dimensional unitary representation of K

extended to Kc as a holomorphic representation then tr(D(z : z)) is a positive

definite operator for z G ß.

Proof. If A G ïc then (<n{x)v, w>> = - (v, w(x)w>, v, w G V. Thus, if

H G /'b«> then (tt{H)v, w} = <t>, ir(H)w}. The result now follows from

Lemma 2.1.

Let ir = {alf . . . , a,} be the set of simple roots for A+. We may assume

that A£ n "n = {a2, . . ., a,}. Let Aq G b* be such that

(*) 2<Ao, a,->/<a-, a-> is a nonnegative integer iorj = 2, . . . , / and equal to

o if y = i.

Let (7T0, Va0) be the irreducible unitary representation of K with highest

weight Aq. Let <A„ a,) = 0,/ = 2, . . ., /, 2<A„ «]>/<«„ a,> = 1. Then Aj is

the differential of a character of K, which we denote eA|. Furthermore eXA< is

defined for all X G C, since K is simply connected. Thus ezA' ® w0 defines an

irreducible holomorphic representation of Kc for all z G C.

Let 30 be the space of all/: ß ^ V» such that/is holomorphic. If g G G

and/ G SO, define for X G C

(ï^(g)/)(*) = (eXAl 8 »0)(3C(* : «M* • g)-

Then it is easily seen that

^„¿(SiSa) = T^gùT^igi)-

Furthermore we have

Lemma 2.5. T„JK = (eXA< 8 TW<J\K. Also T.Jtg) = T^g') if v(g) =

v(g'). That is T„ 0\K is actually a representation of K0.

Iff G DO define, for X G R,

II/II^a = /n<(eXA' ® "o)(^ : AM ¿W4

Lemma 2.4 implies that the right-hand side of the above formula is positive if

it converges. Let H"°* be the space of all/ G H"« such that WfWl^ < oo. Let

< , ),, denote the associated inner product on Hm,fK.
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Proposition 2.6. /// G H'<* then \\T^(g)f\\^ = \\f\\VoJifor ail g G G.
If H"0* ¥= (0) then the constant functions are in HnoÁ. Furthermore H"0* is

complete and if Hn°* ¥= (0) then the polynomial functions /: ß —» V"a are dense

in H"*2. Finally (7^x, H""*) is a unitary representation of G.

Proof.

\KM)AL,=Su{^®-o){D{z:z))

■ (e^ 8 *0)(%(z : g)f(z ■ g)),f(z ■ g)> ¿,x(z),

= fße^ 0 «0)(<X(z : g))-\e"> 8 »0)(D(z : z))

• («** 0 *0)(3C(z : g))f{z ■ g),f(z ■ g)> dn(z)

= f <(e^ 0 «0)(D(z -g:z- g))f(z ■ g),f(z ■ g)> d^z)

= f<(e*A' 0 »o)(0(z : z))/(z),/(z)> ¿M(z) = ||/|p
•'8

This proves the first assertion.

If/ G 30 and y G jC0 let

¿to = d(y)f    XVW *o(*)/(* • *) dk

= rf(y) /   xjk) *0(k)f(Ad(k)-lz) dk.
Ko

Here xY is the character of y and d(y) is the dimension. The integral defining

fy clearly converges uniformly on compact subsets of ß. Thus f G 30.

Furthermore / = 2/, with uniform and absolute convergence on compact

subsets of ß. Using the Stone-Weierstrass theorem on an arbitrary Ad(K0)

invariant open subset w of ß so that <5 c ß, we see that f is a polynomial

mapping of ß to V\

Let us now choose, for each j G Z,j > 0, Ö ■ c ß so that fi, is compact,

Ad(K0yQjCQj, %+i DQp and U jli% - Q. (For example take ßy =

{AdíkJG'^úXjko G K, \t,\ <j/(j + l)}.)Then

f ((eXA> 0 v0)(D(z : z))/(z),/(z)> dp(z)

= f    2 ((ezA> 0 »0)(¿>(* : z))/Y(z),/Y(z)> ^(z)

by Schur orthogonahty.
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The Lebesgue monotone convergence theorem implies that

ll/ll^x - lim   f  <(eXA' 0 *0)(D{z : z))/(z),/(z)>^(z).

Suppose that/ G H"0*. Then, setting m = eXA> 0 tt0, we have

f  {-n{D{z : z))/(z),/(z)> ¿M(z) >  f  <»(/>(* : z))/Y(z),/Y(z)> ^(z)
•'ß, •/ß/

for ally. Hence fy G H'°*. This also implies that if H""* =£ (0) then there are

polynomials in H"0* and the set of polynomials in H"0* is dense.

The fact that (Tw x, H"0*) is a (continuous) unitary representation is

standard once we have proved that H*°* is complete. To see that H"0* is

complete, we note that if w c ß is any compact subset then there is CM > 0 so

that

WfWl^ > C„f \\f(z)\\2 dz.
Ju

The completeness follows from

f n/(z)||2 dz > c^sup n/(z)||  with c; > 0

for w the closure of an open subset of ß, w compact (cf. Helgason [4, Chapter

8]). We have therefore shown that (7^, H*"*) is a unitary representation of

G.
Using the fact that the polynomial functions in H"0* are dense, we see that,

if HJ0* = {fy\f G H"0*}, then HJ»* is finite dimensional. Using results of

Harish-Chandra [1], we see that, if H^ = "2lyefCHy7°* (algebraic direct sum),

then

T^(X)f=j¡(T^(cxptX)f)\l.0

defines a representation of g on Hg0*.

We need the following lemma.

Lemma 2.7. Let for y G K0, SO = {fy\f G 00} (see the second part of the

proof of Proposition 2.5). Let for X G g,

{TWQÁ{X)f){z) = ft (7^(exp *A-)/)(z)|,_0   for f G SO.

Then T„aX(X)f G 2YeAro0q° = SO and (T^, SO) is a representation of g.

Furthermore, if W c SO is a nonzero invariant subspace of SO> then W

contains the constant functions.
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Proof. Let / G SO- Then / extends to P ~KC exp ß (looked upon as the

universal covering space of P ~KC exp ß) by defining f(p ~k exp z) = (eXA| 0

ir0)(k)f(z) for p ~ G P ~, k G Kc, z G ß. Let ji be a nonzero element in the

lowest weight space of (Vn")*. Let for/ G SO, A(f)(g) - ¡if fig)) for g G

P~KCÜ = N~A +G. If g G í/(gc), the universal enveloping algebra of gc, let

Kg) = ig ■ AiMe). Then fizg) = (XA, + Ao)(z)/(g) for z G n" © b (here

(XA, + Ao)(n_) = 0). Since the map/-*/is injective (/is holomorphic), the

Poincaré-Birkhoff-Witt theorem implies that SO = SAel).SO with A = (XA,

+ Ao) - 2 «,<*,. with n¡ > 0, «,. G Z. Here for A G b*, SO = {/ G

^I^CW- AW/ for * 6 *}• Furthermore, if / G SO and TwJn*)f =

0, then / G S(JÄ]+Ao. We observe that SQAi+Ao consists of the functions

/(z) = v with u in the highest weight space of Va*.

Now W c SO-\ W ̂  0, implies W = E(Wn SO-*). Let A' be such that

W n SO;* *■ (0) and A' = XA, + Aq - 2«,a,. with 2«, minimal. Then

r^x(n+)(^ n SO/*) = 0. Hence A' = XA, + A,,. Thus the constants are in

\V.

We now conclude the proof of Proposition 2.6. Hp* c SO is 7^

invariant and nonzero if H"0* ^= (0). Thus, by the above, H"°* ¥^ (0) imphes

H"«,i contains the constants. Thus, if H"»* ^ 0, then

f <>(Z>(z : z))v, v) dniz) < oo    for all v G Va*. (1)
•'ß

If / is a polynomial function from ß to V0, then / is a linear combination of

elements of the form <p • v with <p: ß -» C a polynomial and v G V*. But

f <tt(Z)(z : z))<p(z)ü, <p(z)t>> rfM(z) = f |<p(z)|2<>(Z>(z : z))e, o> rfM(z)

< Sup |<p(z)|2- f <tt(Z)(z : z))ü, ü> dfiiz) < oo.    Q.E.D.
zeß •'fi

Corollary 2.8. // X G R, //it?« H*** =* (0) j/ a/w/ o/j/v // /a<(e-XA| 0

7T0)(D(z :z))ü, o> dfiiz) < oo for all v G K^.

Corollary 2.9. //" (7^, SO) admits an invariant inner product then

iTv¡>A, SO) fe irreducible.

Proof. Let W c SO be invariant, W ¥= (0). Then W"1 c SO is nonzero if

and only if W contains the constants (see Lemma 2.7). Hence Wx = 0 since

W contains the constants.

Lemma 2.10. Let z G C. //

f (e*A> 0 tt0)(Z)(z : z)) «fc(z)
-'n

converges, then it is equal to ditr0, z)I with diir0, z) G C.
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. Proof. /a(ezA' 0 wQ){D{z ■ u : z • «)) d^z) = /n(ezA' 0 <n^D{z : z)) aW)

for all m G AT. The result now follows from the irreducibihty of {it0, Va*) and

(6) (preceding Lemma 2.1).

We observe that more is true.

Corollary 2.11.

d(«o, z) - -j- / e*A>{D{z : zfljc.W* = *)) M*)

with Xr the character of{tr0, Va*) and dma = dim Va*.

3. The analytic continuation of the holomorphic discrete series. We retain the

notation of §2. Let 9{p+) be the space of holomorphic polynomial functions

from p+ to C. On p+ put the inner product <A, Y} = - B{X, tY) where B

is the Killing form of gc and t is the conjugation of gc relative to gu = f © /p.

Extend < , > to an inner product on (3>{p+) = S{{p+)*) in the usual fashion

iSiV) denotes the symmetric algebra on the vector space V). Let

< , ) also denote a ^f-invariant inner product on Va*. On ^P(p+) 0 Va* put

the tensor product the inner product which we also denote < , ). In the

following, 9Ji V) will denote the polynomial functions on V homogeneous of

degree/.

For the rest of this section {-n0, Va*) will be fixed.

Lemma 3.1. /// G <3"'(p+) 0 Va* then

f <(e*A' 0 n0){D{z : z))/(z),/(z)> d^z) = <4(X)/,/>,
•'ß

converges absolutely for ((Re X)A, + Aq + p)iHß) < 0 for all ß G Ap. (p

= 2-2aeA+a.) Moreover, X—>Aj{X) extends to a rational function from C to

EndC^p"*") 0 Va*). Furthermore the singularities of Aj{X) are only at the

points X G Z/2 {half integers). Finally, if X G R and if Aj{X) is defined then

Aj{X) is Hermitian.

Proof. Let b+ = 2i_, CHy. Let b~ = {H G b|y,(#) = 0 for i =
1, . . . , r). Let A„ = {a G A|a|s+ = 0}. Then (up to constants of normaliza-

tion) if/ G C0(ß)

[f(z)dz=f   f /ÍAd(*)(2   ',*»))
•'ß •/X0 •/l>r1>/2> ■■ ■ >ír>0   V \i-l //

Il        |a(2 ^hJI dfe rff, • •    <Ar.        (1)
aSA+—Ao
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To prove (1) we note that if A: p+ -*p is defined by A{X) =\{X + X)

((A", + iX2) = Xx — iX2 for A",, A"2 G g), then A is a real linear isomorphism

such  that A ° Ad{k) = Ad{k) ° A   for A: G K0.  This  implies  that  p+ =

Ad(A:0)(2;_i R*Yj)-In fact>if a = SR^. + x-y)>then a is maximal abelian

in p and Ad{K0)a = p (cf. Helgason [5]). On the other hand,

ff{x)dx = f ( n ix(77)r
JX> Ja+  VXeA +

where A+ is the set of positive restricted roots of (g, a) relative to some order,

mx is the dimension of the X restricted weight space and a+ is a positive Weyl

chamber (X(//) > 0 for X G A+). (*) can be found in say Helgason [5]. Now

(1) follows by applying the Cayley transform (cf. Harish-Chandra [3]).

We now compute

II       |«(2 **»)|.       í„ ...,irGR,/,. >0.
aeA+-Ao   '

To do this, we recall some results of Harish-Chandra [3].

Let for 1 < / < r, C¡ = {a G A^a]^ = - ¿y,}, for 1 < i < j < r, Cy =

{aGA+|«|6+=i(Yy-Y,.)}-Then

r

A^=io+uU   QU     U      C0.
i=l \<i<J<r

Let  P, = {a G A;|a|6+ =iyj,  P„ = {a G A/|a|6+ -¿(Yj + y,)},   1 < i <j

< r. Then

r

Ai = {y„...,yr}u U ^   U    Py

Let r, (resp. r«) be the order of C, (resp. CA Then r, (resp. r^) is the order of

P¡ (resp. Py). This says that

n   |«(S',/7Yi)|=c n \t2r'+i\ n  to*2-*.
a£A+-Ao 1=1 Ki<J<r

Furthermore, by the above,  o+  corresponds to  {2i,(A'Y. -I- A"_y), /, > t2

> ■ ■ ■  > tr > 0}. This implies that for r, > t2 > • • ■ > tr > 0

n   |«(s %ä»)|=cí ',2"+i  n  t2 -12 = p(/„..., o-
aeA+-Ao   ' i'=I l</<y<r

)4f{Ad{k)H)dk\dH        {*)
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Now (from (1), Lemmas 2.2, 2.3 and pP = {-{tr ad H\p+))

(..)     f ((eXA> 0 m0){D{z : z))/(z),/(z)> dp.{z)

= f n p» n  (tf - tj)
J\ >tt>t2> ■ ■ ■ >tr>0 1 = 1 l<i<J<r

IT    (1 _ fl\-<*Ai+*VX*i»)

/ = 1

• (/   (^{ky\0(exp(-^(\og\\ - t2\)Hy))v0{k)
\   K0

•4Ad(Â:)(2^Y,)),/tAdW(2 ',*»))) dk0]dtx ■ ■ ■ dtr.

The integral over K0 above is a polynomial q{tx, . . ., tr) in f„ . . ., tr. Thus

we have

{**)=( n (i-^-^.^)^,)
-'l>/i>     • •  >tr>0  i = l

■p{tx, ..., tr)q{tx, ...,tr)dtx--- dtr.

As observed in Harish-Chandra [3] such an integral is a rational function of

X (it also clearly converges for X < 0 and X large since Ax{Hy) = 1, i =

1, . . . , r). The assertion on the pole structure follows from the fact that

2pp{Hy) is an integer for i = 1, . . ., r.

The absolute convergence statement follows from the case / = v G Va* in

Corollary 2.11 and the work of Harish-Chandra [3]. The last assertion is clear

(see Lemma 2.4).

Lemma 3.2 (Harish-Chandra [3]).

M       ï-i        TT     Í - (Ap + zA, + p){Ha) }

up to constants of normalization.

Now let c(w0) = Sup{z G R|(zA, + Aq + p){Ha) < 0 for a G A£}.

Lemma 2.4 combined with Lemma 3.1 and Corollary 2.7 imply that

(7TwZ, H"*2) is an irreducible representation of G for z < c(w0). This implies

that {T„uZ, SO) is irreducible as a representation of U{qc). However, more is

true.

Lemma 3.3 (Harish-Chandra [2]). {Tw¡^z, SO) is irreducible for z < c{it¿).

Combining this with results of Harish-Chandra [2], [3], we have the follow-

ing lemma.
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Lemma 3.4. /// G SO then

x lim    Ol/C = ll/ll2„
A<C(w0)

exista a/i</ induces a positive definite invariant inner product on SO. This

representation extends to G on the Hilbert space completion of SO-

Note. This gives another realization of the "limits of holomorphic discrete

series" in Knapp-Okamoto [5].

We also note that Lemmas 3.1, 3.4 have the following consequence.

Lemma 3.5. Let for f G SO»

Then X —» |/|2 i is a rational function ofX and there is a constant c{tt0) > c{ir¿)

so that | • • • 111 defines a positive definite invariant inner product on SO for

X G RandX < c{ir0).

In §4 we will determine c(l) for G0 = SU{n, 1).

Let SO be as in Lemma 2.7. Then SO = 2Y<EJeo SO where SO = {fy\f G
SO} and fy is as in the proof of Proposition 2.6. Let Ey: SO -> SO be

defined (as in the proof of Proposition 2.6) by

(Eyf){z) = d{y)f   ^yJk)n0(k)f(Ad{k)-1z)dk. (1)
Ko

If g G G, y G K0 define

<í»;oA(g) = tr(£Y7^(g)|3(í„). (2)

Lemma 3.6. The function CxG->C given by (X, g) h» ̂ "^(g) » continu-

ous and holomorphic in X.

Proof.

(EyT^{g)f){z) = ¿(y)/    x7^) (7„ftX(g)/)(Ad(Â:)-1z) dk
K0

= ¿(y) f   xjk) (eXA' 0 0(SC(z • k : g))/(z • *g) dk
JK0

= ¿(y)/    x/*) eXAi%{zk : g))(^3C(z • A : g))f{z ■ kg)) dk.
K0

If n G ( F^)* and z G ß are fixed, then the above computation clearly

implies that (X, g)n> ¡i{{Ey 7WoA(g)/)(z)) satisfies the continuity and holo-

morphy properties asserted for <i>YT°'\ It is easily seen that, if ( ¡i 0 e2)f =

ju(/(z)), then the set {¡i 0 ej fi G (K^)*, z G ß}^ spans (SO)*. Thus ^

is a linear combination of functions of the form g-»(ji 0 ez){EyTv^(g)/).

This proves the lemma.
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Lemma 3.7. Let ^'{G) be the space of distributions on C^fö) with the weak

topology. Iff G C¿°{G) define

M/)- 2   ( t>;^(g)f(g)dg.
,,<=*-„  Jr.y<EK<

Then the series defining 0wx converges absolutely and uniformly on compact

subsets of C. Furthermore the function X —» 9m » defines a holomorphic function

from C to ^'{G).

Proof. Let a = 2'_,R(A"Y( + X_y). Let A = exp a. Let g = ï © a © n be

an Iwasawa decomposition of g corresponding to (ï, a). Then G = KAN is an

Iwasawa decomposition of G. Let p{H) = ^tr(ad /f|„) for H G a. Then, if/is

integrable on G, we have

( fig)dg = [ /(fer/i)e2¿(loga) dk da dn (*)
JG JKXAXN

where log: A -» a is the inverse map to exp: o -* A.

Now ï = RiHx © f,, f, = [k, k]. Let AT, be the connected subgroup of K

corresponding to f,. Then Kx is compact and simply connected and the map

R X Kx -» K given by {t, kx) \-+ exp{tiHx)kx is a Lie isomorphism of R X Kx

with K. We therefore see that

f f(g)dg= (If f{exp(tlHl)klan)e2^0' a) • dkxdadn) dt
JG J9.\JKïXAxN J

for/absolutely integrable on G. Now let/ G Cftf). Then

/ +y"*(g)Kg)dg -[If ^((exp tiiH^an)
JG JR \JK,XAXN

•/((exp i(i7/,))A:,a/i)<?2*lo8<'>. dkxdadn\ dt.

Now

^(exp^/f,)*,*«)^ = e^W^T^k.an),

where wY(exp tiHx) = e,Xr' for t G R (see Lemma 2.5). Hence we have

JG JR JK¡XAXN

■f{exp{t{iHx))kxan)e^losa) dkx da dn.

If fi G C and 5 G .AT, define

/(/i : Ô : fc.an) = </(S)J" e'Aj   ^JIc)f({exp(itHx))k-lkxan)dk\ dt.
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Let II fi II be the norm of the highest weight of 5. Now /(/t : fi : an) has

compact support on AN. If « c C is a compact subset of C and /,, l2 > 0

then

\^{kxan)f(XAx{Hx) + \ : y0 : kxan)\

< <W/)(1 + |X + \\2Y\l + \y0\2r%(an)

with uy G Co°°{AN) and /-» Cl¡¡2U{f)\pjian) a continuous function from

C0X{G) -* C. Here y0 is the restriction of y to Kx. These estimates follow the

Paley-Wiener theorem for R and Kx. This implies that

2 i <t>;*K(g)f(g)dg
JG

< CUM) 2   (1 + l*A,(/7,) + X^^il + lYolT'2

for X G <o with/-» C,'t,2a{f) continuous on C0X{G). This clearly imphes the

lemma (cf. Wallach [10, Chapter 5]).

Corollary 3.8. The character of a "limit of holomorphic discrete series" is

the limit of the characters of holomorphic discrete series. That is

lim
A-»C(ît0)

A<COo)

^„A - ^„.CÍA,,).

and, since the representations (7^, H"**), X < C(Aq), and (7ff(>C(Ao), H"°) are

trace class this implies the statement.

Note. This implies that the Harish-Chandra formula [4] for the character of

holomorphic discrete series is also true for limits of discrete series. Lemma 3.7

also says that the "signs" involved in the formula can be chosen so that the

formula is holomorphic in X where A = Aq + XA,. This also allows one to

compute characters of unitary representations which are "past the limit of

holomorphic discrete series" (see Lemma 3.5).

4. Example: The universal covering group of SU{n, 1). In this case we may

identify p+ with C and ß with the unit ball in C": ß = (z G C^lzJ2 < 1}.

If g G SU{n, 1)= G0 then

A     b
c*    d

g =

with A, n X n; c, b, n X 1; d G C. The condition that g

gj'g = J,       det g = 1

with

G0is

J = I        0
0     -1
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I,n X n. The action of G0 on ß (which we write on the left) is

g-z = {(z,c> + d)~\Az + b).

Actually G0 acts on ß. K0 is the subgroup of G0 consisting of the matrices

" u 0

0    (detM)"1]'

u G U{n). In particular U{n) acts on p+ = C" by

u • z = (det u)uz

where Uz is the usual action of U{n) on C". It is classical that the representa-

tion of U{n) on 9j{C) given by

(«•/)(z)=/(M-'-z)

is irreducible.

We consider the case t-0 = 1. For/ G 9J{C")

f eXA<{D{z : z))f{z)J{z) dp.{z) = c,(X)</,/>
«'fi

since 9J{C) is irreducible. It is therefore convenient to take A"y = ex G

C" (e„ .. ., e„ the standard basis of C") and/(z) = Z{. From this we see that

/ eAA'(Z)(z : z))f(z)f(z) d^z)

= Ç frrx f      eAA'(Z>(/A-Yi: tXy)) |/(Ad(^)^Yi)|2 dk --*-

= f t2"-\\ - i2)-^,*-"-1 If      \B(Ad{k)tXy¡, X_y)\y dk\ dt

- -y  f ' '2n-1U - í2)-XA'(V-"-1/2-' ¿,.
dj J0

(Here   we   have   used   the   orthogonality  relations  for   U{n)   and  dj =

dim SJ{p+).)

j

where 5(z, to) is the classical beta function (cf. Whittaker and Watson [11]).

Now Ax{Hy ) = 1. We therefore have the following lemma.

Lemma 4.1. // G0 = SU{n, 1) and tr0 = 1 then C(l) - - n. That is 7U «

holomorphic discrete series for X < — n. Furthermore
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h xm Wsïi i-x+j - s)

24

In particular

«,.„._ J-drZl.
2n;:j(\ + »-j)

(see Lemma 3.2).

Corollary 4.1.

7

/-i \-i

«/(i, x)-uy(A) - <- 'fl*^ - fl ( no ex - »>)" •/.

Corollary 4.2. If fx,f2 G ^C") i/ien </(l, X)"'</„/2>u defines a positive

definite Tl¡K invariant inner product on 9{C) = %F for X G R, X < 0. These

representations extend to unitary representations of G on the Hubert space

completion H w of 9 (C).

Note. The representations — n < X < 0 are the direct generalization of the

"extra representations" of Sally [8] that go "past" the limit holomorphic

relative discrete series of the universal covering group of SL{2, R).

We also note that {Tx _„, Hl~") is the Hardy space for ß.

Lemma 4.2. There is a constant C > Oso that iff G <3>(C") then

lim   d{\, Xr'll/H2,, = hm C f       |/(/<o)|2 da,
\-* — n I—»1 J§2n-\

\< -n

where du is invariant measure on S2n~x.

Proof. This result follows directly from Corollary 4.2, Corollary 2.7 and

the results of Knapp-Okamoto [6].
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